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Abstract

An important property of long-lived agents is the ability to reuse existing knowledge
to solve new tasks. An appealing approach towards obtaining such agents is by leveraging
logical composition over tasks, where new tasks are defined by applying logic operators
to previously-solved ones. This composition is particularly powerful since it provides a
human-understandable mechanism for task specification. However, no unifying formalism
for applying logic operators to tasks and generalising combinatorially over them has yet
been developed. We address the problem by formally defining logical composition as oper-
ators acting on a set of tasks in a lattice structure—the algebraic structure that generalises
the study of Boolean logic. This provides a theoretically rigorous method for composing
tasks, allowing us to formulate new tasks in terms of the negation, disjunction, and con-
junction of a set of base tasks. We prove that by learning a new type of goal-oriented
value function model free, called the world value function, an agent can solve composite
tasks involving arbitrary logical operators with no further learning. We verify our approach
in high-dimensional domains—including a video game environment and continuous-control
task—where an agent first learns to solve a set of base tasks, and then composes these
solutions to solve a super-exponential number of new tasks.

1. Introduction

Reinforcement learning (RL) has achieved recent success in a number of difficult, high-
dimensional environments [Mnih et al., 2015; Levine et al., 2016; Lillicrap et al., 2016;
Silver et al., 2017]. However, these methods generally require millions of samples from
the environment to learn optimal behaviours, limiting their real-world applicability. A
major challenge is thus in designing sample-efficient agents that can transfer their existing
knowledge to solve new tasks quickly. This is particularly important for agents in a multitask
or lifelong setting, since learning to solve complex tasks from scratch is typically infeasible.
More desirable would be an agent that can leverage its knowledge from previous tasks to
solve new ones [Thrun, 1996; Taylor & Stone, 2009].

One approach to tackling this problem is that of composition [Todorov, 2009; Mendez
& Eaton, 2022], where an agent leverages existing skills to build complex, novel behaviours.
These newly-formed skills can then be used to immediately solve new tasks (zero-shot
composition) or speed up the learning of new tasks (few-shot composition). Zero-shot
composition is of particular interest, since it provides a mechanism for generalising over a
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Figure 1: Video game domain with different composable tasks [van Niekerk et al., 2019].
Each task is defined by the objects the agent is required to collect.

task space without additional learning. A particularly important type of composition is
the logical composition of previously solved tasks—that is, new tasks formed by applying
the logic operators OR, AND, and NOT on past tasks. One major advantage of this form of
composition is that it provides a human designer with an easy way to understand and reason
about tasks, which is particularly important for explainable and interpretable reinforcement
learning [Heuillet et al., 2021; Qing et al., 2022; Glanois et al., 2024]. Furthermore, while
it can be difficult to specify a reward function that induces desired behaviour in an agent,
logical composition provides a straightforward avenue for specifying new composite tasks
with guaranteed semantics.

To illustrate, consider a domain where different tasks require an agent to collect objects
of different shapes and colours (Figure 1). If an agent has learned to collect any square
(Square task) and any blue object (Blue task), zero-shot logical composition would then
allow the agent to solve any of the following tasks immediately:

e Square AND Blue: Collect blue squares.
e Square AND (NOT Blue): Collect squares that are not blue.

o (Square OR Blue) AND NOT(Square AND Blue): Collect squares or blue objects that are
not blue squares.

In this work, we are hence interested in the logical combination of tasks and skills in the
model-free setting—this constraint will ensure our framework is applicable even when the
reward and transition functions are not known to the agent. Since logic are abstracted in
lattice theory [Birkhoff, 1940], we use the algebraic structures therein to formalise the logical
composition of tasks and skills in reinforcement learning. We first define a lattice algebra
over the set of tasks. This formalises and unifies the disjunctive and conjunctive composi-
tions considered by previous work [Todorov, 2009; Saxe et al., 2017; Haarnoja et al., 2018a;
van Niekerk et al., 2019; Hunt et al., 2019]. We then give a formal meaning to the negation
of tasks, which is used to define a De Morgan algebra over the task space. This extends pre-
vious composition problems to encompass all logic operators: conjunction, disjunction, and
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negation. We show that for tasks with restricted rewards, the De Morgan algebra extends
to a Boolean algebra, which gives task composition the full semantics of Boolean logic.

To attain zero-shot composition, we introduce a new type of value function called the
world value function, which can be learned model-free and encodes how to achieve various
outcomes for a single task. Using this rich knowledge, and focusing our attention on goal-
reaching tasks, we prove that zero-shot logical composition can be achieved by composing
these world value functions. Consequently, given a set of base tasks that have been previ-
ously solved by the agent, any new task written as a logic expression can immediately be
solved without further learning, resulting in a zero-shot super-exponential explosion in the
agent’s abilities. We summarise our main contributions as follows:

1. Task algebra (Section 3): We formalise the disjunction, conjunction, and negation of
tasks as operators acting on a set of tasks in lattice structures. This introduces a
notion of task space, and enables interpretable and trivial task specifications. This
is important in complex lifelong settings, where constructing rewards for new tasks
can prove difficult. A main result obtained from this formalism is the notion of base
tasks, which are the minimal set of tasks that are sufficient to specify and generate
any other task in a task space. This is essential in the lifelong setting where the task
space is simply too large to construct rewards for all desired tasks.

2. World value functions (Section 4): This is a new type of goal-conditioned value func-
tion that we introduce to later achieve zero-shot composition. It can be learned
model-free and encodes knowledge of how to achieve various goals in an environment,
and is therefore suitable for transferring to new tasks within the same environment.

3. Zero-shot composition (Section 5): We prove that any goal-reaching task specified as
the logical composition of learned tasks can be solved immediately without further
learning. We demonstrate via a series of experiments that this holds not only theoret-
ically but also practically, even when the theoretical assumptions are violated. This
enables lifelong learning agents to solve a super-exponentially increasing number of
tasks as the number of learned base tasks increase.

We illustrate our approach in gridworld domains, where an agent first learns to navigate
to particular regions, after which it can then optimally solve any task specified as their
logical combination. We then demonstrate composition in a high-dimensional video game
environment, where an agent first learns to collect different objects, and then compose
these abilities to solve complex tasks immediately. We also apply our approach to a high-
dimensional, continuous control task, demonstrating applicability to domains with low-level
continuous actions. Our results show that, even when function approximation is required,
an agent can leverage its existing skills to solve new tasks without further learning.!

The remaining sections are organised as follows: we provide a brief introduction to
reinforcement learning and lattice theory in Section 2. In Section 3, we develop a formal
framework for the logical composition of tasks, and introduce the notion of a base task,

1. This article develops and substantially extends ideas rst presented in an earlier conference paper
[Nangue Tasse et al., 2020] by introducing the notion of task lattices and De Morgan algebra, proving zero-
shot composition for them, and demonstrating applicability to high-dimensional continuous control tasks.
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which has been so far mentioned only informally in the literature. We present a new goal-
conditioned value function in Section 4 which can be leveraged to solve composite tasks in
a zero-shot manner. Finally, in Section 5, we demonstrate zero-shot transfer in both the
tabular and function approximation setting.

2. Preliminaries

We are interested in the multitask or lifelong learning problem, where an agent is faced with
a number of tasks modeled by a collection of Markov Decision Processes (MDPs) [Sutton
et al., 1998]. An MDP is defined by the tuple (S;A;P;R; ), where (i) S is the agent’s
state space, (ii) A is its action space, (iii) P (s'js;a) is the Markov transition probability of
its environment, (iv) R(s;a;s’) is the real-valued reward function defining the agent’s task,
and (v) 2 [0;1] is the agent’s discount factor. For clarity, we will focus on MDPs with
finite S and A, but note that the theory also hold for continuous S and A. The set of tasks
is then naturally defined as follows:

Definition 1 A set of tasks M is a set of MDPs M 2 M in the same environment
(S;A;P; ) that differ only in their reward functions Ry .

An agent’s goal is to learn a policy  that specifies the actions to take in each state to
maximise the action-value function Q, which is the totgJ sum of possibly discounted rewards
it expects to receive in the future: Q (s;a) = Eg t:io 'R(st;at;Str1) So =S;a0=a :
By defining a partial ordering over policies, and under mild assumptions over the reward
functions,? it can be shown that there exists an optimal deterministic policy '8,
which leads to the optimal value functions, Q (s;a) =Q (s;a) =max Q (s;a) 8 . We
can obtain the optimal policy by acting greedily with respect to the optimal action-value
function:  (S) = argmaxzoa Q (S;a): Finally, since we are interested in ultimately having
agents that can solve tasks in complex environments with unknown transition probabilities
and reward functions, we will constrain ourselves to model-free RL [Sutton et al., 1998].
There are several methods for learning optimal action-value functions in this setting, such

as Q-learning [Watkins, 1989).

2.1 Lattice Theory

To precisely articulate the logical composition of tasks, we will utilize the mathematical
framework of lattice theory. Lattice theory is a generalisation of the study of Boolean al-
gebras and can be interpreted through the lens of either order theory or abstract algebra
[Gritzer, 2002]. The basic concepts under the order theoretic view are the least upper
bounds and greatest lower bounds of elements in a partial order, which correspond to the
algebraic concepts of join (disjunction) and meet (conjunction) of elements. Since we are
primarily interested in the conjunction, disjunction, and negation operators, our main focus
is on the algebraic interpretation as we build our way up to a Boolean algebra. However,
we also use the order theoretic view whenever that seems most natural. In order theory, a
lattice is a partial order (L; ) in which every pair of elements a;b 2 L has a least upper

2. When the discount factor is 1, the rewards are assumed to be such that the value functions for improper
policies | those that never reach terminal states | are unbounded below [van Niekerk et al., 2019].
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bound (their supremum) and a greatest lower bound (their infimum) [Gratzer, 2011]. The
equivalent algebraic definition is as follows:

Definition 2 A Lattice algebra (L;_;”) is a set L equipped with the binary operators _
and ™ which satisfies the following lattice axioms for a;b;c in L:

(i) Idempotence: a™~a=a_a=a.
(ii)) Commutativity: a™~b=ba anda_b=>0b_a.
(i1i) Associativity: a”™ (b~c) = (@”™b)”~canda”™(b_c)=(a_b)_c.

(iv) Absorption: a”™(a_b)=a_ (a”™bh)=a.

A lattice order (L; ) induces a lattice algebra (L;_;”) with _ and ™ given by a__ b :=
supfa; bg and a”b := inffa; bg: We can then call a set B L a basis of L if it is the smallest
set that can generate all elements of L by applying the logical operators of L.> While the
lattice algebra defines conjunction and disjunction, it says nothing of the negation operator.
The De Morgan algebra, on the other hand, provides an intuitive notion of negation.

Definition 3 A De Morgan algebra (L; _;”; 2) is a set L equipped with the binary operators
_and ™, and the unary operator = (involution, negation), which satisfies the following De
Morgan algebra axioms for a;b;c in L:

(i) All the lattice axioms.
(ii) Distributivity: a”™(b_c) = (a”™b)_(a”c) anda_ (b~c)=(a_b)™(a_c).
(iii) Identity: there exists 0;1 in L such that0”™a=0; 0_a=a; 1™a=a;1_a=1:

(iv) De Morgan involution: - -a=a and -(a_b) = za” zh.

In other words, a De Morgan algebra is a bounded distributive lattice equipped with a
De Morgan involution (a negation operator that satisfies the De Morgan laws).

Finally, notice that the De Morgan involution does not necessarily satisfy the law of
the excluded middle (a_ za = 1) and the law of non-contradiction (a ” za = 0), which
are neccessary to have the familiar semantics of propositional logic and set theory [Gritzer,
2011]. A Boolean algebra gives us those semantics by enforcing said laws:

Definition 4 A Boolean algebra (L; _;”; =) is a set L equipped with the binary operators
_ (disjunction) and ™ (conjunction), and the unary operator = (negation), which satisfies
the following Boolean algebra axioms for a;b;c in L:

(i) All the De Morgan algebra azioms.

(ii) Complements: 8a 2 L, there exists —a=a' 2 L such thata™~a' =0 anda_a" = 1.

3. For simplicity, we adopt the convention of Gratzer [2011] of referring to an algebraic structure (e.g., the
lattice (L; _;”)) by the set on which it is de ned (L), when the distinction is clear given the context.
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3. Compositional Tasks

Before we can construct agents capable of solving new compositional tasks, we must formally
define these composite tasks.* Since reinforcement learning models tasks as MDPs, we
require principled ways of composing these MDPs to produce new MDPs that model a
desired task specification. This is done by leveraging the structure of lattice algebras since,
as outlined above, they abstract the notion of disjunction, conjunction, and negation. Since
the Boolean algebra is the most restrictive, we will first start with a general lattice and then
increasingly constrain the task space with necessary assumptions on the road to a Boolean
algebra. During this process, we will also illustrate some of the different types of semantics
of task compositions that result from different lattice structures. We will use the following
simple bin-packing domain as a running example.

-
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Number of blue objects in the bin

012345678910
Number of red objects in the bin

(a) Bin packing domain (b) Gridworld representation

Figure 2: Gridworld representation of the simple bin packing domain.

Example 1 Consider an environment where an agent needs to manipulate a robotic arm
to pack (or unpack) objects into (from) a green bin (Figure 2a). There are 10 red objects
and 10 blue objects in the domain, resulting in 11 11 states where each state S = (r;b)
corresponds to the number of red (r) and blue (b) objects in the bin. The agent has actions to
command the robotic arm to put a red object into the bin (1), remove a red object from the
bin (), put a blue object into the bin ("), and remove a blue object from the bin (#). These
actions do nothing if there are no red or blue objects inside or outside of the bin to execute
them. The agent also has a fifth action () for “done” that it chooses to terminate; a state
only becomes terminal if the agent chooses the done action in it. Figure 2b illustrates the
gridworld representation of this domain, and Figure 8 shows the effect of each action in it.

Consider a task in which the robot must pack all the red objects into the bin (). The
non-terminal rewards (rewards for all non-terminal transitions) are Rpyn = 0 and the ter-
minal rewards range from Ryyn = 0 to Rmax = 1. The discount factor used is = 0:95.
That is, an agent receives a reward of Rpmin as it acts in the environment but when it chooses
the done action at any state, it receives a reward between Rmin and Rmyax depending on
how close it is to the desired states. Figure 4 shows the terminal rewards, optimal policy,
and trajectory of the robot packing red objects into the bin.

4. All theorems are stated here, and proofs are presented in the Appendix for clarity.
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(e) action

Figure 3: Example trajectories of the robotic arm for each action in the bin packing domain.

(a) R (b) Q (c) Trajectory starting from state (3;5)

Figure 4: Terminal rewards (a), learned optimal policy and value function (b), and resulting
robot arm trajectories for the task in which the robot must pack all the red objects into
the bin. The optimal policies and value functions are obtained using Q-learning.
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3.1 Task Lattice

Having described how a lattice algebra abstracts the usual concept of disjunction and con-
junction, we now formalise the meaning of disjunction and conjunction of tasks. Consider
the set of all tasks in an environment:

Mg :=fM = (S;A;P;Ru; )iRm(s;a;s’) 2 Rg

Since we have constrained ourselves to the model-free setting, we require all our definitions
to be usable even when the only information available to the agent from the MDP is its
current state s, the next state s' P ( js;a) and reward R(s;a;s') after taking an action
a. Given that tasks differ only in their reward functions (Definition 1), we can achieve this
by first defining the partial order over tasks using pointwise  (the usual relation on R)
over the rewards. The resulting partially ordered set of tasks is formally stated as follows:

Proposition 1 Let My; My 2 MR be tasks with reward functions Rm, and Rm, respec-
tively. Then (MR; ) is a partially ordered set with the relation  given by

Mi M, if Ry, (s;a;s")  Rwm,(s;a;8) forall (s;a;s")2S A S:

Since the reward functions are real-valued, every pair of rewards has a least upper bound
(sup) and a greatest lower bound (inf). The resulting real functions after pointwise inf and
sup are then clearly still valid task reward functions. Hence the partially-ordered set of
tasks (MRg; ) has a least upper bound supfM;; Mg 2 Mg and a greatest lower bound
inffM1; M2g 2 MR for any pair of task Mj; My 2 Mg (since they only differ on their
rewards). The lattice (MRg;_;”) induced by this partial order trivially follows with the
binary operators _ and ” given by My _ My = supfM;; Myg 2 Mg and M; N My =
inffM1; Mag 2 MR. We define these operators formally as follows:

Definition 5 The join _: Mgr Mg ¥ Mg and meet ™: Mgr Mg ¥ Mg operators
over tasks are given by

R

_(Ml; Mg) = (S;A; P; RMl_Mz; ); where RMl_Mz . S A S 1
) A supfRwm, ()i Rm,()g;

(

~NMp; M) == (S; A;P; Rmyam,; ) where Rmpam, : S A S TR
() ® inffRm, ();Rm,()g:

In fact, (MRg;_;”) forms a distributive lattice since inf and sup with the usual in R
is distributive:

Proposition 2 (Mg;_;”") is a distributive lattice.
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This allows us to jointly apply disjunction and conjuction operators to sets of tasks.
Given a non-empty finite set O of lower bounded subsets of tasks N MR, the task lattice
(MRg;_; ") gives us the principled way of specifying the disjunction of conjunctions:

L
™\

N =(S;A;P;R
N20 N2N

: P N : cae
); where R, ,(S;a;S) = sup '\}Izlf';l Rn(s;a;s)

S 3K N20

Similarly, given a non-empty finite set O of upper bounded subsets of tasks N Mg,

the conjunction of disjunctions is given by,
1

N =(S;A;P;R

VAN

); where R, :(s;a;s") = inf sup Rn(s;a;s)

AN AN N20 N2N

N20 N2N
Example 2 Consider the bin packing domain introduced in Example 1. Further consider
the specification of two tasks, and , in which the robot must pack all the red and blue
objects into the bin respectively. We can use a Hasse diagram to visualise the task sub-lattice
generated by all combinations of disjunction and conjunction of and (Figure 5). A
Hasse diagram illustrates a lattice M by drawing an edge between M1 2 M and Mo 2 M if
they are comparable, and M1 is drawn below My if My Msy [Gritzer, 2011]. Hence, "
is connected to  and  directly below them because it is their greatest lower bound. Simi-
larly, s connected to and directly above them because it is their least upper bound.

Finally, Figure 6 shows the terminal rewards (all non-terminal rewards are 0), opti-
mal policy and value function for all these tasks. We can observe how the sup and inf
of task rewards indeed result in composite task rewards with the correct semantics for the
disjunctive and conjunctive tasks respectively. To learn the corresponding optimal poli-
cies and value functions, we use Q-learning where the transition rewards are obtained us-
ing supfR (s; a; SO); R (s;a; So)g for their disjunction and inffR (s;a; SO); R (s;a; So)g for

their conjunction.

Figure 5: Hasse diagram of the task sub-lattice with basis T ; g@.
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(a) Pack all red objects into the bin:

(b) Pack all blue objects into the bin:

(c) Pack all red or blue objects into the bin:

(d) Pack all red and blue objects into the bin: #

Figure 6: Terminal rewards (left column heat maps), optimal value functions (middle col-
umn heat maps), optimal policies (middle column arrows), and sample robot trajectories
(right column images) for the disjunction (c) and conjunction (d) of tasks (a-b) in the bin

packing domain. The optimal policies and value functions are obtained using Q-learning.

3.2 De Morgan Task Algebra

Having formalised the meaning of task disjunction and conjunction, we next turn our at-
tention to the negation of tasks. As discussed in Section 2, the De Morgan algebra allows
us to de ne this operator by adding the minimal required properties that encapsulate the
desired semantics of a negation. In particular, we only need the set of tasks to be bounded
by some tasksM N ;M sup 2 M Rg:

MMue Msup] = TM =(S;A;P;RM; ) iRM(588) 2 [Ru e (55855); R oup (5525 99]9
We can now de ne the negation of a task as follows:

De nition 6  De ne the negation operator: © M v v Msop]1'M M e M sup] @S

(M) =(S;A;P;R. v; ); whereR.py : S A S! R
()7| (RMSUP()+RM|NF()) RM():

The above de nition captures the intuition behind negation. For example, if an agent
takes an action at a given state and receives the smallest reward for the resulting transition,
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then the agent acting in the opposite task should receive the highest reward for that same
transition. Note how for M 2 M M e M sup Ir (S;A;P;R. m; ) 2M becauseR. v (s; a;s‘)
is also bounded by Ry  (S;a;8%);Rm o,p (S;@;59]. Hence,: is closed inM M e M sup -

Finally, we formalise the interaction of the negation of tasks with the conjunction and
disjunction of tasks as follows:

Proposition 3 (M (v ur M sur 11— "7 M sup; M nF ) is @ De Morgan algebra.
We can now specify arbitrary disjunction, conjunction, and negation of tasks.

Example 3 In the bin packing environment, consider the De Morgan lattice bounded by the
tasks where all non-terminal rewards are 0, and all terminal rewards are @ ) for the lower
bound and 1( ) for the upper bound. Further consider the speci cation of two tasks,
and , in which the robot must pack all the red and blue objects into the bin respectively (the
same ones from Example 2). Figure 7 shows the rewards, optimal policies, optimal value
functions, and resulting robot trajectories for sample task compositions. We can observe
how the negation of tasks, and its interaction with the disjunction and conjunction of tasks,
results in composite tasks with desired semantics. For example, the negations and :
specify the tasks in which the robot must remove all red objects and all blue objects from the
bin respectively. Figure 8 shows the De Morgan sub-lattice generated by all combinations of
disjunction, conjunction, and negation of and

Finally, notice that the task bounds are what de ne the semantic meaning of the negation
operator, with di erent task bounds leading to di erent semantics. For example, when using
the task boundd ; g, the negation of the task in which the robot must pack or unpack all
red objects into (from) the bin () is to pack or unpack exactly half of the red objects into
(from) the bin (: = ). However, when using the task bounds ; g, the negation is
instead to pack or unpack all the blue objects into (from) the birf: = ).

3.3 Boolean Task Algebra

While the De Morgan task algebra allows for logical composition of tasks with arbitrary
bounded rewards, it provides no guarantees on certain desired properties. In particular,
these task compositions do not always satisfy the laws of the excluded middle\{; _: M1 =
M sup), and of non-contradiction (M1 ~: M1 = M ng ). This can clearly be seen in
Figure 7f, where the agent needs tgpack all red objects into the bin and remove all red
objects from the bin and pack all blue objects into the bin and remove all blue objects
from the bin. In this case, the choice of rewards produces a meaningful taskpack exactly
half of the red and blue objects into the bihbut in general, we may want to guarantee
that contradicting task speci cations are meaningless. To achieve this, we need to restrict
the set of tasks to those with binary rewards|binary here means the rewards are either
Rum e (S:a;89) or Ry op (S; @; s9|which ensures that tasks have a Boolean nature:

M e Meurg=TM =(S;A;P;Ru; )iRm(sias) 2f Ry e (5:25); R oyp (5588909
We can now formalise a Boolean logic on the set of tasks.

Proposition 4 (Mt s M sup 913”3 1M sup;M |nF ) is @ Boolean algebra.
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(a) Unpack all red objects from the bin: :

(b) Unpack all blue objects from the bin: :

(c) Unpack all objects from the bin:  _  =:( _ )
(d) Pack only red or only blue objects into the bin: 'Y =( _ )*:( "~ )
(e) Pack or unpack all red or blue objects into (from) the bin: ( _ : )_( _: )

(f) Pack exactly half of the red and blue objects into the bin: ( ~: )~ ( ~: )

(9) Do nothing: M N

Figure 7: Terminal rewards (left column heat maps), optimal value functions (middle col-
umn heat maps), optimal policies (middle column arrows), and sample robot trajectories
(left column images) for the lower bound taskM |y and compositions of tasks (; ) in the
bin packing domain. Optimal policies and value functions are obtained using Q-learning.
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(a) All task compositions of and (b) Hasse diagram

Figure 8: lllustration of the De Morgan sub-lattice with basis f ; g. (a) lllustrates how
the rewards for any logical task speci cation (82 unique ones in this case) can be generated
by simply composing the rewards of the basis tasks, with guaranteed semantics. (b) Shows
the relationship between all the 82 unique tasks that can be speci ed by composing the red
and blue tasks.

Finally, we summarise the main di erences between the developed task algebras in
Table 1. While the Boolean task algebra necessitates the most assumptions, it is also the
most powerful. In the next section, we will show that an additional bene t of Boolean task
algebra is its basis can be obtained directly from the task bounds.

2337



Nangue Tasse, James and Rosman

Assumptions Bene ts
Same Same Binary Union Negation Full
environ-  reward rewards and Boolean
ment bounds intersec- logic
tion
Task lattice X X
De Morgan task X X X X
algebra
Boolean task X X X X X X
algebra

Table 1: Trade-o0 s between the necessary assumptions and bene ts of each lattice structure.

Figure 9: Examples of Boolean task sub-algebra with basis ; g9, f ; g9, f ; 0,
f ; gandtask space boundd ; g, f ; g f ; g, f ; grespectively.

Example 4 In the bin packing domain, consider the Boolean algebra bounded by the tasks
where all non-terminal rewards are 0, and all terminal rewards are O( ) for the lower
bound and 1( ) for the upper bound. Consider the speci cation of two tasks, and , in
which the robot must pack all the red and blue objects into the bin respectively. Unlike before,
their respective rewards are binary for this example: ; . Figure 10 shows the rewards,
optimal policies, optimal value functions, and resulting robot trajectories for sample logical
compositions. Note how the binary rewards result in semantically di erent compositions.
For example, the negation of the task here now means \do not pack all red objects in the
bin". Also, meaningless compositions like( ~ : )~ ( ~ : ) now produce the lower
bound task , where all states have 0 rewards.

Figure 9 shows the Boolean sub-algebra generated by all logical compositionsf of g
(leftmost), and other examples resulting from di erent choices of task space bounds and ba-
sis. This illustrates an interesting result: It is not necessary to restrict all transition rewards
to O or 1|that is, use the task bounds f ; g|to obtain Boolean logic over tasks. As it
turns out, any transition reward can be used as long as they are the transition rewards of
some choice of task bounds. All such rewards are valid, with di erent task bounds simply
leading to di erent operator semantics.
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(a) Pack all red objects into the bin:

(b) Pack all blue objects into the bin:

(c) Pack all red or blue objects into the bin:

(d) Pack all red and blue objects into the bin: #

(e) Do not pack all red objects into the bin: :

(f) Do not pack all blue objects into the bin: :

(g) Pack and do not pack all red and blue objects into the bin: ( ~: )~ ( ~: )

Figure 10: Terminal rewards (left), optimal values and policies (middle) and sample robot
trajectories (right) for the compositions of Boolean tasks in the bin packing domain. Opti-
mal policies and value functions are obtained using Q-learning.
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